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$k$ $\Gamma=$ SL2 $(\mathbb{Z})$ ( ) $\mathbb{H}=\{z\in \mathbb{C}|{\rm Im}(z)>0\}$
$f(z)= \frac{1}{(cz+d)^{k}}f(\gamma z)$ , $\gamma=(\begin{array}{ll}* *c d\end{array})\in\Gamma,$ $z\in \mathbb{H}$
$f(z)$ $k$ $\Gamma$ $f(z)$
$f(z)$ $L$
:
$L(s;f)=L(s):= \sum_{n=1}^{\infty}a(n)n^{-s}$ , ${\rm Re}(s)> \frac{k}{2}+1$ . (1.1)
$L$ ([5] ) (i) $\mathbb{C}$
$(ii)2$ (iii) : $\Lambda(s)$ $:=(2\pi)^{2s-k}\Gamma(k-s)/\Gamma(s)$
$L(s;f)=(-1)^{T}\Lambda(s)L(k-s;f)k$ (1.2)
Ramanujan-Petersson $a(n)\ll n^{(k-1)/2+\epsilon}$
$L$ $\Lambda(s)$ $t\in \mathbb{R}$ :
$Z(t):=i^{\frac{k}{2}}$A $( \frac{k}{2}+it)^{-\frac{1}{2}}L(\frac{k}{2}+it)$ .
$Z(t)$
$L$
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nebencharacter (1.2) $\backslash$
$Z(t)=\{\begin{array}{ll}\{\pm 1\}_{t}|L(\frac{k}{2}+it)| L(\frac{k}{2}+it)\neq 0 \text{ }0 L(\frac{k}{2}+it)=0 \text{ }\end{array}$ (1.3)





(Atkinson-type formula) ( $L(s)$ (1.1)
$\tilde{a}(n):=a(n)n^{-(k-1)/2}$ ${\rm Re}(s)=1/2$ ” ” )
1 (Jutila,1998).
$\int_{0}^{T}Z(t)dt=E_{L}(T):=\Sigma_{1}(T)+\Sigma_{2}(T)+O(\log^{2}T)$
$N_{\wedge}\vee T,$ $N’=N’(T, N)_{\wedge}^{\vee}T$
$\Sigma_{1}(T)=2^{-1/2}\sum_{n\leq N}(-1)^{n}\tilde{a}(n)n^{-1/2}(\frac{T}{2\pi n}+\frac{1}{4}I^{-1/4}(\sinh^{-1}(\sqrt{\frac{\pi n}{2T}}))^{-1}$
$\cross\sin(2T\sinh^{-1}(\sqrt{\frac{\pi n}{2T}})+\sqrt{2\pi nT+\pi^{2}n^{2}}+\frac{\pi}{4})$ (2.1)
$\Sigma_{2}(T)=-2\sum_{n\leq N’}\overline{a}(n)n^{-1/2}(\log(\frac{T}{2\pi n}))^{-1}\sin(T\log(\frac{T}{2\pi n})-T-\frac{\pi}{4})$ . (2.2)
( ) Tlog $(T/2\pi)-(2\gamma-1)T$ (
$\gamma=0.577\cdots$ ) $L$ (











$T$ $c$ $c/$ 2 $t_{1)}t_{2}\in[T, T+c’\sqrt{T}]$
$E_{L}(t_{1})\geq ct_{1}^{I}1$ , $E_{L}(t_{2})\leq-ct^{\frac{1}{24}}$
$f(t)\ll t^{1/4}$ $f(t)$




$\int_{-1}^{1}E^{\star}(t+\alpha u)K_{\tau}(u)du=\frac{\tau}{2}\sin(4\pi t-\frac{\pi}{4})+O(t^{-z}1\sup_{|u|\leq 1}|f(2\pi(t+\alpha u)^{2})|+\alpha^{-2}+\alpha t^{-\frac{1}{4}})$ (3.1)
$t$ (3.1) $\tau$
$\tau$ $K_{\tau}(u)\geq 0$ Heath-Brown and
Tsang [3]
2 Jutila 1
$L$ $N_{0}(T):=\#\{\rho=k/2+it|0\leq t\leq T, L(\rho;f)=0\}$
$\tau\geq T_{0}$ No $(T)\gg T^{1/2}$ Hafner[1]
$N_{0}(T)\gg T\log T$
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$E_{A}(t)= \sum_{n\leq t^{2}}(-1)^{n}\tilde{a}(n)n^{-\frac{3}{4}}e_{A}(t, n)\cos(f_{A}(t, n))$




$g_{B}(t, n)=4 \pi t^{2}\log(\frac{t}{\sqrt{ne}})+\frac{\pi}{4}$
$\int_{-1}^{1}E^{\star}(t+\alpha u)K_{\tau}(u)du=I_{A}+I_{B}+O(t^{-\frac{1}{2}}\sup|f(2\pi(t+\alpha u)^{2})|+t^{-\frac{1}{2}}\log^{2}t)$




$I_{A}= \int_{-1}^{1}E_{A}(t_{\text{ }}+\alpha u)K_{\tau}(u)du$
$E_{A}(t+ \alpha u)=\sum_{n\leq(t+\alpha u)^{2}}(-1)^{n}\overline{a}(n)n^{-\frac{t}{4}}e_{A}(t+\alpha u, n)\cos(f_{A}(t+\alpha u, n))$
$u=0$ $e_{A}(t+\alpha u, n)$ Taylor $e_{A}(t+\alpha u)$ $u$
$\alpha t^{-1}$ $(t+\alpha u)^{2}$ $t^{2}$
$\overline{a}(n)\ll n^{\epsilon}$
$\alpha t^{-1/2+\epsilon}$
$I_{A}= \sum_{n\leq t^{2}}(-1)^{n}\overline{a}(n)n^{-\frac{3}{4}}e_{A}(t, n)J_{A}+O(\alpha t^{-5^{+\epsilon}})1$
$J_{A}= \int_{-1}^{1}\cos(f_{A}(t+\alpha u, n))K_{\tau}(u)du$







$1\leq n\leq t^{3/2}$ $u=0$ $f_{A}(t+\alpha u)$ Taylor
$J_{A}= \int_{-1}^{1}\cos(f_{A}(t, n)+f’(t, n)\alpha u)K_{\tau}(u)du+o(\alpha^{2_{n^{\dot{3}}t^{-3})}^{q}}$ .
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